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I. INTRODUCTION 


The cosmological constant, A, has strong observational support from the supernova observations [l|. The 
stress tensor of quantum field theoretic vacuum energy turns out to be, like the cosmological constant, 
proportional to metric. This is how the latter gets slated against the Planck scale giving rise to the well 
known discrepancy of proportion, 10^^° orders of magnitude between the two Q. This is what is caled the 
cosmological constant problem. 

Leaving aside the question of vacuum energy, could we envisage some alternative way of generating constant 
energy density, corresponding to the cosmological constant, A ? One possible suggestion that has attracted 
attention is that the framework of General Relativity (GR) can be enlarged by having gravity propagate 
in extra compact space dimensions. In other words, the space has a microstructure. It turns out that by 
extending the framework of GR in this way we can generate the observed cosmological constant by tuning 
the size of the extra dimension to be of the order of 10“^ cm. 

In what follows we envision that there is an extra compact dimension of radius R sitting at each point in 
regular 3-space which becomes visible only when we probe below this radius. It is generally believed in the 
spirit of string theory paradigm that all matter fields remain confined to the usual 4-dimensional spacetime 
while gravity can propagate in extra dimensions. In this work, the extra dimension is assumed to be compact 
and is limited to a circle of radius R. Only gravity propagates in it. The fifth component of momentum 
is then quantized in units of ■^. Such a boundary condition generates a zero point energy (ZPE) which is 
proportional to ^ in the natural units for each mode via the quantum Uncertainity Principle. If it is only 
massless graviton, we know that it has two helicities (it is like a photon in a box which has two polarizations). 
Thus if n is number of extra dimensions with a degeneracy factor of 2, the quantum zero point energy (ZPE) 
is given by 


E« = 2n— 


( 1 ) 


This ZPE is a purely quantum effect that comes from compactifying the boundary of the extra dimensional 
space from infinity to a size/ radius ^ R. 


II. THE ENERGY DENSITY IN THE REGULAR THREE DIMENSIONAL SPAGE 


We use a simple argument to compute the energy density in the regular non-compact dimensions via the 
ZPE due to compact dimensions. There are several works where extra dimensions have been invoked Q 
to explain the cosmological constant. But in those works it is the vacuum energy but not the zero point 
energy density that has been considered for such explanation. We consider here the topology of the space 
with one extra dimension as R? x 5"^. For simplicity we have assumed that each of our extra dimensions 
has the topology of . As we zoom down in spatial resolution, we see the extra dimensions when we get to 
the resolution scale, i?, in the regular non-compact dimensions. Independent of the regular spacetime point 
we probe, the energy , Eq = ^ is sitting in a spherically symmetric 3-volume, V = ^2^ of radius R. We 
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choose such a volume to maintain the rotational symmetry of regular space. Remember that energy density 
is a local quantity. We get the energy density simply by dividing the zero point energy in this volume by 
the volume. This generates an energy density in the regular dimensions, 


A 




( 2 ) 


where A = 

47r 

Thus we have a constant energy density all over homogeneous and isotropic space, then its conformity with 
the Einstein equation leads to the cosmological constant, p = —p = A. The ZPE in the compact dimension 
emerges as the cosmological constant in the physical 4-dimensional Universe. 


III. THE NATURE OF eo AND NEGATIVE PRESSURE 

Now, let us look a little more physically at the nature of this zero point energy density. To understand 
its effect we will now start with a constant ground state energy density in the regular 3-dimensional volume 
which is occupied by relativistic free quark matter and see what kind of pressure it generates. 


We consider a single quark flavour and massless quarks for simplicity. For quark matter in a given volume, 
let the energy density e, given below, be the sum of constant energy density, B, and a matter part, where 
we have expressed the matter part as a function of the quark density0 . It is given by 


e = B + (3) 

. 

where rig = is the number density of quarks, kf is the Fermi momentum of the single flavour quark 
matter and C is a phase space constant that depends on the degeneracy factor for quarks. 


For quark matter the pressure is defined with respect to the quark density as follows 


P = = -B+ (4) 

Now we can immediately see the contribution of the energy density, B, to the pressure is exactly, —B. This 
is what is required for the cosmological constant. Actually, the quark matter was introduced as a device to 
define the pressure. Post calculation we can set the quark matter density to zero. 

A good analogy is the MIT bag model where the constant energy density, B,is used to mimic the 
‘confinement mechanism’ in QCD. In the case of the MIT bag an inward pressure, -B, is provided by the 
constant energy density, B. 
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IV. THE USUAL VACUUM ENERGY CONUNDRUM 


Though, we are not concerned with the usual quantum field theoretic vacuum energy density in this work, 
it may be appropriate to remark on this dilemma. The energy density corresponding to the cosmological 
constant is approximately 


CA ~ 5 X 10 ®erg/(cm®) ~ 3 x 10^eV/(cm®) (5) 

The usual quantum field theory vacuum energy is calculated using closed vacuum energy Feynman di¬ 
agrams which are bubble diagrams with no external legs. For example, in the scalar theory we have the 
(j>‘^ interaction term which can generate two closed loops from one vertex. This has a quartic divergence 
that comes from two 4 dimensional integrations and two closed propagators. It is usually regularized by 
dimensional regularization to remove the divergences and that leaves behind a quartic scalar mass term. 
These bubble diagrams do not contribute to any physical process - scattering etc. as they are without any 
external legs. Whether this vacuum energy will be observable physically is an open question. 

If we count in all the theories as we go up in energy scales, the hierarchy of theories leaves terms 
proportional to the fourth powers of all the masses in the theories. If we include masses up to the Planck 
mass scale, this yields a huge vacuum energy, that is I0^^° times the observed cosmological constant energy 
density. This is the cosmological constant problem. 


For the evolution of the universe in the big bang scenario, the only quantum input is the Fermi -Dirac and 
Bose -Einstein distributions for fermions and bosons respectively. There is no field theoretic vacuum energy 
contribution. Let us now examine if the above contribution was there, how would it change nucleosynthesis. 
The energy density of the universe corresponding to the higher temperarture ( 10® K or(100 KeV — 1 MeV)) 
scale of nucleosynthesis is approximately 


ejv = 10^^erg/(cm^) (6) 

Clearly a vacuum energy contribution, 10^^® times the the observed cosmological constant energy density 
will completely overpower the big bang nucleosynthesis energy density, despoiling the accepted nucleosyn¬ 
thesis estimate. Such a large energy density would cause untenable expansion of the universe and disturb 
nucleosynthesis. Furthermore, it would lead to much lower CMB temperature. Thus the above vacuum 
energy contributions are physically inadmissible because they contradict observed fact. 


V. SIMPLE ESTIMATE OE THE SIZE OE THE EXTRA DIMENSION 


Several parameters of the universe has been determined by WMAP project [6j. The Hubble constant Hq 
is 0.7675 X 10“®® cm“^. The critical density of the universe is Pc = ~ 5.313 x 10® eV cm“®. The energy 

density corresponding to cosmological constant Da ~ 0.73 ± 0.04. This gives A = Pc^A ~ 3-96 x 10® eV 
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cm The zero point energy density in units of he ~ 1.97 x 10 ^ eV cm in our case is eg = —— 

Comparing this with A we get 


which implies 


1.97 X lO-^A 

^4 


3.96 X 10^ eV cm ^ 


R « 0.0084 X 


( 7 ) 

( 8 ) 


A as mentioned in Eq.(2) depends on n the number of extra dimensions and for a few number of extra 
dimensions the required size of the extra dimension R < 10“^ cm. 


VI. DISCUSSION 


Let us first comment on the zero point energy density. It emanates from compact dimension as the 
quantum mechanical energy difference between the unbounded and the compact dimensions. That is, it 
arises when the infinite extent of a dimension is confined to a finite size resulting in zero point energy. Its 
inclusion in homogeneous and isotropic FRW space-time defines the cosmological constant with p = —p = A. 
Further in contrast to the usual quantum field theory vacuum energy, it depends only on the size of the 
compact dimension and not on all the theories and masses thereof. Nor does it refer to any renormalization 
conditions which are ambiguous. 

We shall end by remarking on the recent experiments Q that test Newton’s law at small length scales 
of 100 ^m. If we look at Newton’s law at a scale less than R, then the extra dimension comes at par with 
regular dimensions and the gravitational force will go as l/(r^“'-") where r < R and n is number of extra 
dimensions. On the other hand if we look at length scales larger than R, we have the usual Newton’s inverse 
square law operating. Therefore, a direct probing of extra dimension would require measurement at sub 
millimetre scale. This is at the threshold of the present day experiments. What we have envisioned as a 
source for the cosmological constant could very well be tested observationally in the not too distant future. 


Acknowledgments 


We like to thank M. Sami for discussion. 


[1] S. Perlmutter et al, Astrophys. J. 483, 565 (1997); Nature 391, 51 (1998). 

[2] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); S. M. Carroll, LivingRev.Rel. 4, 1, (2001), arxiv:astro-ph/0004075 . 

[3] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper, R. Sundrum, Phys.Lett.B480,193 (2000); L. Perivolaropou- 
los, Phys. Rev. D 77, 107301 (2008), arXiv:0802.1531 [astro-pli]]; K. Poppenhaeger, S. Hossenfelder, S. Hof- 





6 


mann and M. Bleicher, Phys. Lett. B582, 1 (2004) arXiv:hep-th/0309066 ; R. Hofmann, P. Kantiand M. 
Pospelov, Phys. Rev. D63, 124020 (2001) arXiv:hep-ph/0012213 ; H. Cheng, Mod. Phys. Lett. A21, 1957 (2006) 
arXiv:hep-th/0609057; C. P. Burgess, arXiv:0708.0911 [hep-ph]. 

[4] Gordon Baym, ’Neutron stars and the properties of matter at high density. Lectures at NORDITA, Niels Bohr 
Institute, 1977. 

[5] A. Chodos, R.L. Jaffe, K. Johnson, C.B. Thorn and V.F. Weisskopf, Phys. Rev. D9, 3471 (1974). 

[6] C. L. Bennett et ah. First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Preliminary 
Maps and Basic Results, astro-ph/0302207; see also the Web page, http://map.gsfc.nasa.gov/ 

[7] J. Chiaverini, S. J. Smullin, A. A. Geraci, D. M. Weld, A. Kapitulnik, Phys. Rev. Lett. 90, 151301 (2003). 


